A theory of step meandering on a vicinal surface is developed. At equilibrium, the meander w ϳ ͓ln͑L͔͒ 1͞2 , where L is the lateral extent. During step flow growth, the diffusive repulsion prevails over elasticity. It leads to new scaling laws for the meander w as a function of the interstep distance l, etc. For a weak Schwoebel effect, we find w ϳ l 1͞4 (at equilibrium w ϳ l). The diffusive repulsion behaves as l lnl. Dynamics tend to "cure" meandering. At higher growth speed, deterministic roughening intervenes. In this regime we derive general nonlinear equations for interacting "lines." Disordered structures seem to prevail. In the growth of thin films, a number of microscopic kinetic mechanisms compete to produce a film that has desirable physical properties. A signature of the competition between these mechanisms is the evolving growth front morphologies. The advent of microscopic visualization techniques, such as STM (scanning electron microscopies) and REM (reflection electron microscopy), has given now ample evidence that during many technologically important surface processes (growth, reaction, etc.), the steps play an active role. For this reason, considerable effort, both theoretical and experimental, has been expended on understanding dynamics of interface evolutions. The most obvious feature of a step is its roughness (or meander). The meander may be of statistical origin, or may result from a deterministic instability induced by adatoms diffusion.
At equilibrium, a step forward was achieved by Bartelt et al. [1] who have provided a scaling law for the meander w s of a step as a function of relevant parameters
where k B T is the thermal excitation energy, g the line tension, A the strength of the elastic interaction, and ᐉ the interstep distance of the vicinal surface. This result was confirmed experimentally by Alfonso et al. [2] . This theory is based on a Gaussian Hamiltonian including line tension and elastic interactions, and makes use of established results of statistical mechanics. During growth by molecular beam epitaxy (MBE), the mechanisms that control the evolution of the growth morphology include in addition deposition, diffusion of adatoms, desorption, the sticking of atoms at steps, etc. This process of evolution of the surface by addition of particles is a prototype of problems in open nonequilibrium systems where the traditional approach of near equilibrium statistical mechanics is difficult to apply. The first aim of this Letter is to present the theory of step dynamics starting from the Burton-Cabrera-Frank [3] model, where we include elastic interactions, nonequilibrium kinetic attachment, and statistical fluctuations. Use is made of Green's function techniques. This results in highly nonlinear and nonlocal equations for step dynamics. At equilibrium the Bartelt et al. [1] theory is revisited. By concentrating on step flow growth at moderate deposition rates we express the nonequilibrium roughening of the step as a function of relevant parameters. For example, for a small Schwoebel effect, and in the absence of desorption, we find
where V is the atomic area, c eq the equilibrium adatom concentration, F the deposition rate, D the adatom diffusion constant, and d D͞n is the Schwoebel length (n is the sticking kinetic coefficient). The presence of D͞F together with d above signals the nonequilibrium nature of the mechanism by which the meander is fixed. The key ingredient for this new scaling law is that in an outof-equilibrium situation the steps repel each other via the diffusion field; this repulsion prevails over the elastic one.
In an energylike picture, this repulsion is shown to behave as l ln͑l͒. At higher growth speed, deterministic meander intervenes. This problem is tackled first analytically by means of an appropriate multiscale analysis valid close to the instability threshold of a train. This results in coupled quadratic partial differential equations, which can be viewed as representing nonlinear interacting out-of-equilibrium lines.
Let c͑r, t͒ denote the adatom density. It obeys the following stochastic equation:
where t is the desorption time, f͑r, t͒ and q͑r, t͒ are Langevin forces standing for "shot" (nonconserved) noise associated with deposition or desorption and a conserved noise associated with diffusion. Their amplitudes will be defined below. On both sides of a step the normal mass 0031-9007͞96͞76(25)͞4761(4)$10.00currents are related to the departure from equilibrium by
where n 6 is a kinetic coefficient (having the dimension of a velocity), k is the step curvature (counted positive for a convex profile), j the step position, and h is a stochastic force incorporating fluctuations associated with the attachment or detachment at the step. The sign "1" refers to the lower side, and "2" to the upper one. The quantity E designates the elastic interaction. For homoepitaxy, and if we restrict ourselves to the next neighbors interaction [4] , E ͑A͞6͒ ͓͑j m 2 j m21 1 ᐉ͒ 22 1 ͑j m11 2 j m 1 ᐉ͒ 22 ͔, where A 12͑1 2 s 2 ͒ ͑ f͒ 2 ͞pE, s and E are the Poisson ratio and Young modulus, respectively, and f is a force. Each step is labeled by the subscript m. The quantity A measures the strength of the elastic interaction and has a dimension of an energy multiplied by a length. From a dimensional analysis f ϳ Ea 2 where a is an atomic length, so that A ϳ Ea 4 . Typically E ϳ 10 10 Pa, a ϳ ͑1 2 3͒ 3 10 210 m, and then A ϳ 10 229 2 10 230 J m. This is consistent with the experimentally measured value ϳ10
230 J m for silicon [2] . Finally the normal growth velocity y n is given by
The treatment of noise is based on local thermodynamic equilibrium [5] . In the present case, the proper incorporation of noise is performed by adding Langevin forces to the equations which, in equilibrium and in the absence of elasticity, reproduce the correct equilibrium fluctuation spectrum ͗j k j 2k ͘ eq k B T͞gk 2 , where j k is the Fourier transform of j͑x, t͒ which denotes the instantaneous step position. We can show that the Langevin forces introduced above must obey [6] ͗q mi ͑r, t͒q m 0 j ͑r
where d is an abbreviation for d͑r 2 r 0 ͒d͑t 2 t 0 ͒d m,m 0 .
Here m labels the m 0 th terrace (or step). The above equations completely describe step dynamics in the presence of statistical fluctuations.
Using Green's function, we can write an equation in a form which relates the concentration field everywhere on a terrace to its value and its normal derivative at the two adjacent steps in terms of integral contributions [6] . In its general formulation this is a highly nonlinear, nonlocal problem, involving retarded interactions. We shall below treat it in the weakly nonlinear regime.
We shall first make contact with traditional equilibrium theories valid at large scales (small k). At equilibrium, one expects linearization of the above equations to be permissible. From lengthy algebra the integral equation evaluated at the steps provides us in Fourier space with the relation x kvf j kvf Ĥ kvf (f being the variable in the m reciprocal space), x the response function, and H is a fluctuating force to be specified below. There are two interesting limiting cases.
(i) Weak Schwoebel effect, and no evaporation.-In this case we find in real space
where G gV 2 c eq ͞k B T and it has a dimension of a length, A V 2 c eq A and
͒d͑x 2 x 0 ͒d͑t 2 t 0 ͒, and Q 1 Q 21 21, Q 0 2. The above expression of noise clearly shows in real space that the noise component in a given terrace is due to the terrace itself and to its two neighbors with which matter is exchanged. If the two adjacent steps are rigid (and exchange with the other terraces is forbidden), we are in the situation treated by Bartelt et al. [1] . Then it is easy to show that the meander is given by expression (1). While the Bartelt et al. work contained neither diffusion, nor desorption, the general treatment presented here captures the same result. The situation is quite different if all modes in f space are allowed. A simple algebra of Eq. (9), leads to a static spectrum
That is, the static spectrum diverges for large scales (as is the case for an isolated step) but logarithmically (the integrand behaves as 1͞k for small k). This means that elastic interactions reduce the p L divergence of a Brownian motion which is typical for an isolated step motion into lnL. The meander takes the form
where
(ii) Strong Schwoebel effect and no evaporation.-Here we obtain
Equation (11) corresponds to dynamics of a conserved quantity. The absence of evaporation together with the existence of a strong Schwoebel barrier prohibit the terrace to exchange mass either with the atmosphere or with adjacent terraces. We are in a situation similar to that of pure diffusion along the lines. Here the terraces behave as "lines" with an effective diffusivity ϳDGᐉ. If the terrace of interest is surrounded by rigid terraces, we obtain Eq. (1). If all phases f are allowed, we obtain again the logarithmic divergence represented by (10). The above discussion was limited to the case of large scale fluctuations (k small). In general dynamics are nonlocal and the effective noise is "colored" in a complicated manner. We can show however that the above results [(1) if f is fixed or (10) if all phases are allowed] hold in the general case too. This a consequence of the fact that in this regime the growth equations possess a Lyapunov functional.
We now turn to the out-of-equilibrium situation (step flow growth). The interesting result lies in the fact that diffusion (which is passive at equilibrium) leads to a repulsion between steps. For not too small deposition rates, this repulsion prevails over elasticity and leads to a new scaling law for the step meander. In the weakly out-of-equilibrium regime, linearization is again allowed. We confine our attention to the case where evaporation is negligible and where the Schwoebel effect is small, while a systematic analysis will be left for a forthcoming work. The step dynamics in Fourier space leads to
and a noise similar to that presented above at equilibrium [Eq. (9) ; in this regime the nonequilibrium noise is small]. In Eq. (12) there are two terms which are independent of k: the elastic one (proportional to A) and a diffusive one (proportional to the deposition rate F). The last one corresponds to a diffusive repulsion between steps and behaves as 1͞ᐉ. The diffusive repulsion always dominates (see below). On the other hand, the k 2 term contains two contributions: (i) the line tension one and (ii) the diffusive one. The last one is small under wide conditions (see below). In such a context, a simple manipulation shows that the meander is given by
(13) If the Schwoebel barrier is small d ø ᐉ, Eq. (13) reduces to (2) . The above relation is valid (i) if the deposition rate is not too small so that the diffusive repulsion dominates against elasticity and (ii) if F is not too large to prevent the Bales-Zangwill instability [7] signaled by the presence of 2Fk 2 in Eq. (12). A close inspection of Eq. (12) shows that these two conditions are fulfilled if the deposition rate satisfies VF elas ø VF ø VF BZ where VF elas ϵ AD͑d 1 ᐉ͒͞d 2 ᐉ 4 and VF BZ ϵ GD͞dᐉ 2 . For Si(111), which is a standard reference, and for T ϳ 600 ± C, we find (for ᐉ ϳ d ϳ 100 atomic distances) VF elas ϳ 10 22 monolayer͞sec, VF BZ ϳ 10 2 monolayer. That is to say, if VF lies in the range [0.1, 10] monolayers͞sec, we expect our scaling relation to hold. This interval is the standard one for production of layer by layer growth [8] .
In Eq. (12), we see that the diffusive part behaves as 1͞ᐉ while the elastic one as 1͞ᐉ 4 . In an energylike picture the factor 1͞ᐉ 4 follows from the second derivative of the elastic interaction (which behaves as 1͞ᐉ
2 ). The reason is that it is this quantity which fixes the elastic "stiffness" (think of a harmonic oscillator). In such a picture the diffusive repulsion E diff ͑ᐉ͒, which leads to a stiffness E 00 diff , must have the following form
The strength of the diffusive "energy" is given by Fd 2 k B T ͞VDc eq , which has the dimension of an energy per unit area. Another interesting result follows. In the above mentioned range the dynamical roughening is smaller than the static one. Indeed we have w D ͞w S ϳ ͑F elas ͞F͒ 1͞4 . Since F elas ͞F ϳ 10 22 2 10 23 according to the above estimates, we expect w D to be several times smaller than w S . Besides testing our scaling law (13), which requires a precise analysis, a smoothing of thermal fluctuations due to nonequilibrium conditions should be the first qualitative signature of the manifestation of the diffusive repulsion we have put forward in this Letter.
Of course for higher deposition rates-and on the proviso that the step flow regime persists-the step should exhibit a morphological instability of a completely deterministic origin (driven by adatom diffusion). The threshold for such an instability is given by F F BZ if desorption is negligible (which is the case discussed above). Otherwise, the instability condition is given by [6] V͑tF 2 c eq ͒ . 2G͓1͞d 1 1͞x s coth͑ᐉ͞x s ͔͒, which reduces, in the case where the three lengths are disparate, to V͑tF 2 c eq ͒ . 2G͞min͑d, ᐉ, x s ͒. The last expression is interesting since it shows that only the smallest length is relevant for instability. For example, if x s ¿ ᐉ ϳ d, this means that all atoms on the terrace having the width ᐉ potentially intervene in the instability mechanism. Conversely if x s ø ᐉ ϳ d, then only those adatoms which reach the step will contribute, since some will evaporate: evaporation plays a role of a "short circuit" against instability.
Close to the instability threshold the roughness w D ϳ 1͑͞F BZ 2 F͒ 1͞4 ; w D diverges, which is a natural consequence of an instability [9] . However, it must be noted that for an isolated step the exponent is 1͞2. The new exponent 1͞4 is a direct consequence of line-line interaction [6] . Figure 1 shows qualitatively the behavior of w D ͞w S as a function of the driving force F. At very small F, w D ͞w S ϳ 1; that is, meandering is due to equilibrium fluctuations. When F increases w D ͞w S decreases as F 21͞4 , before it increases again close to the BZ instability.
As the threshold is approached, fluctuations become arbitrarily large so that disregarding nonlinearities becomes illegitimate. We shall then be faced with the problem of competition between deterministic and statistical meandering. In the general case the nonlinear dynamics are complex. However, close enough to the instability threshold a perturbative scheme is possible by means of a multiscale analysis in a manner similar to that developed for an isolated step [10] . Here, besides space and time, there is a third quantity, the phase. It can be shown that in the linear regime, the most dangerous mode is the in-phase one. Let e denote the distance from threshold, then space scale as p e, time as e 2 , and f ϳ e. Starting from the integral formulation, we have derived nonlinear equations of nonequilibrium interacting lines. The nonlinear equations take the general form (in the presence of desorption)
h, z , and t are appropriate reduced amplitude, spatial, and temporal variables, whose precise definitions are unimportant for our present purposes, and S is a fluctuating force. This equation is reminiscent of those arising in the problem of interacting directed lines. The coefficients a, etc. are functions of physical quantities and will not be listed in this brief exposition; e measures the distance from the threshold. If all steps move in phase, Eq. (15) reduces to the Kuramoto-Sivashinsky equation leading to spatiotemporal chaos (or weak "turbulence"). Its static and dynamical features are common with the KardarParisi-Zhang [11] (or Burger) equation. Besides the step roughness, we have here another degree of freedom which is the phase between adjacent steps. There is a priori no reason for the train to be synchronized. Assume that Eq. (15) leads to an ordered stable structure with a certain phase. Since above the instability threshold there exist a continuous family (parametrized by the phase) of linearly unstable modes, it is tempting to speculate that a continuous family of stable modes in the nonlinear regime should persist. We shall then be faced with a problem of double selection: wavelength selection along the step, and phase selection. Whether the structure is ordered or disordered both in the lateral and orthogonal directions is a question which is currently under study. Preliminary results show that both situations are possible, although disordered patterns seem to prevail. We shall report along these lines in the near future. In summary we have given a complete formulation of step meandering on a vicinal surface at both equilibrium and out of equilibrium by incorporating appropriate Langevin forces. This allows one to specify interactions of fluctuations and determinism from physical first principles. During step flow we have shown that the elastic interaction is overcome by the diffusive repulsion. This repulsion induces a smoothing of the meander and should be the first noticeable effect caused by nonequilibrium conditions. This has resulted in new scaling laws. At higher growth speed roughness should be enhanced due to a deterministic instability. Because of line-line interaction the divergence exponent is 1͞4 and not 1͞2 as is the case for an isolated line. This regime should involve a strong competition between statistical and deterministic fluctuations, and where nonlinearities are expected to cure divergence inferred from a linear theory. We have provided a general picture of the nonequilibrium roughness as a function of the driving force. The present work should open new lines of experimental inquiries, and serve as a pilot study for future theoretical investigations which are at the junction of fundamental nonequilibrium physics and application.
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